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Abstract: We study the D3/D(— 1) brane system and show how to compute instan- 
ton corrections to correlation functions of gauge theories in four dimensions using 
open string techniques. In particular we show that the disks with mixed boundary 
conditions that are typical of the D3/D(—1) system are the sources for the classi¬ 
cal instanton solution. This can then be recovered from simple calculations of open 
string scattering amplitudes in the presence of D-instantons. Exploiting this fact we 
also relate this stringy description to the standard instanton calculus of held theory. 
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1. Introduction 

Recently a lot of effort has been put in investigating various properties of (supersym¬ 
metric) held theories using string theory and in particular D-branes. At the same 
time, a similar effort has been devoted to extend and “lift” to string theory many of 
the methods that have been developed over the years to study held theories. As a 
result of these investigations, a strong and fruitful relation between string and held 
theory has been established. 

Quite generally one can say that in the limit of inhnite tension (a' —>■ 0) a 
string theory reduces to an ehective held theory with gauge interactions unihed with 
gravity. Even if the precise dictionary between string and held theory is not always 


1 








































straightforward, the simple idea of taking a' —>■ 0 has been throroughly exploited to 
investigate the perturbative sector of various held theories using string techniques 
which, indeed, turned out to be very efficient computational tools (see e.g. Ref. ||^). 
In this perturbative framework, one typically starts from string scattering amplitudes 
computed on a Riemann surface S of a given topology. In general, a A^-point string 
amplitude An is obtained from the correlation function among N vertex operators 
..., each of which describes the emission of a held <pi of the string spectrum 
from the world-sheet. Schematically, we have 

•^N = ( 1 . 1 ) 

where the integral is over the positions of the vertex operators and the moduli of S 
with an appropriate measure, and the symbol (■ ■ ■ )s denotes the vacuum expectation 
value with respect to the (perturbative) vacuum represented by S. 

Let us now focus on the simplest world-sheets, namely the sphere for closed 
strings and the disk for open strings, and let us distinguish in the vertex the 
polarization 0 from the operator part by writing 



(1.2) 

Then, for any closed string held ^closed we have 


( "^0 closed ) sphere ^ ’ 

(1.3) 

and for any open string held 0open we have 


( l^ljiopen )disk ^ ■ 

(1.4) 


The relations (pTsP and (|1.4|) imply that the closed and open strings do not possess 
tadpoles on the sphere and the disk respectively; hence these are the appropriate 
world-sheets to describe the classical trivial vacua around which the ordinary per¬ 
turbation theory is performed, but clearly they are inadequate to describe classical 
non-perturbative backgrounds. 

However, after the discovery of D-branes the perspective has drastically 
changed and nowadays also some non-perturbative properties can be studied in string 
theory. The key point is that the Dp branes are p-dimensional extended conhgura- 
tions of Type II and Type I string theory that, despite their non-perturbative nature, 
admit a perturbative description. In fact, they can be represented by closed strings 
in which the left and right movers are suitably identihed |Q|. Such an identihcation 
is equivalent to insert a boundary on the closed string world-sheet and prescribe 
suitable boundary reflection rules for the string coordinates [Q. Thus, the simplest 
world-sheet topology for closed strings in the presence of a Dp brane is that of a disk 
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with (p+ 1) longitudinal and (9 —p) transverse boundary conditions. Moreover, due 
to the boundary reflection rules, on such a disk we have, in general, 

closed )diskp 7^ 0 ■ (1-5) 

A Dp brane can also be represented by a boundary state |Dp), which is a non- 
perturbative state of the closed string that inserts a boundary on the world-sheet 
and enforces on it the appropriate identifications between left and right movers (for 
a review on the boundary state formalism, see for example Ref. |^). If we denote by 
Inclosed) fhe physical state associated to the vertex operator we can rewrite 

as follows 

(0closed|Dp) ^ 0 . (1.6) 

Thus, the boundary state, or equivalently its corresponding disk, is a classical source 
for the various fields of the closed string spectrum. In particular, it is a source for the 
massless fields (like for instance the graviton h^y) which acquire a non-trivial profile 
and therefore describe a non-trivial classical background. A precise relation between 
such a background and the boundary state has been established in Refs. [|], 0]. 
There it has been shown that if one multiplies the massless tadpoles of |Dp) by free 
propagators and then takes the Fourier transform, one gets the leading term in the 
large distance expansion of the classical p-brane solutions carrying Ramond-Ramond 
charges which are non-perturbative configurations of Type II or Type I supergravity. 
For example, applying this procedure to the graviton tadpole 

= {V|Dp) . (1.7) 

one obtains the metric of the Dp brane in the large distance approximation from 
which the complete supergravity solution can eventually be reconstructed. These 
arguments show that in order to describe closed strings in a D-brane background it 
is necessary to modify the boundary conditions of the string coordinates and, at the 
lowest order, consider disks instead of spheres. 

A natural question at this point is whether this approach can be generalized 
to open strings, and in particular whether one can describe in this way the instan- 
tons of four dimensional gauge theory. To show that this is possible is one of the 
purposes of this paper. The crucial point is that the instantons of the (supersym¬ 
metric) gauge theories in four dimensions are non-perturbative configurations which 
admit a perturbative description within the realm of string theory. Thus, in a cer¬ 
tain sense, they are the analogue for open strings of what the supergravity branes 
with Ramond-Ramond charges are for closed strings. In this analysis a key role is 
again played by the D-branes; this time, hovever, they are regarded from the open 
string point of view, namely as hypersurfaces spanned by the string end-points on 
which a (supersymmetric) gauge theory is defined. For definiteness, let us consider 
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a stack of N D3 branes of Type IIB string theory which support on their world- 
volume a A/” = 4 supersymmetric Yang-Mills theory (SYM) with gauge group U(Y) 
(or SU(iV) if we disregard the center of mass). Then, as shown in Refs. in 

order to describe instantons of this gauge theory with topological charge fc, one has 
to introduce k D(—1) branes (D-instantons) and thus consider a D3/D(—1) brane 
system. The role of D-instantons and their relation to the gauge theory instantons 
have been intensively studied from many different points of view in the last years (see 
for example Refs. MM |T^ |T^, |T5], |T^ 1^, 1^; for recent reviews on this subject 

see Refs. 


^ and references therein). In the D3/D(—1) brane system, be¬ 
sides the ordinary perturbative gauge degrees of freedom represented by open strings 
stretching between two D3 branes, there are also other degrees of freedom that are 
associated to open strings with at least one end-point on the D-instantons. These 
extra degrees of freedom are non-dynamical parameters which, at the lowest level, 
can be interpreted as the moduli of the gauge (super)instantons in the ADHM con¬ 
struction [^. Furthermore, in the limit a' —0 the interactions of these parameters 
reproduce exactly the ADHM measure on the instanton moduli space . 

In this paper we further elaborate on this D-brane description of instantons 
and show that it is not only an efficient book-keeping device to account for the 
multiplicities and the transformation properties of the various instanton moduli, but 
also a powerful tool to extract from string theory a detailed information on the 
gauge instantons. First of all, we observe that the presence of different boundary 
conditions for the open strings of the D3/D(—1) system implies the existence of 
disks whose boundary is divided into different portions lying either on the D3 or 
on the D(—1) branes (see for example Fig. |l|). These disks, which we call mixed 
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Figure 1: The simplest mixed disk with two-boundary changing operators indicated by 
the two crosses. The solid line represents the D3 boundary while the dashed line represents 
the D(—1) boundary. 


disks, are characterized by the insertion of at least two vertex operators associated 
to excitations of strings that stretch between a D3 and a D(—1) brane (or viceversa), 
and clearly depend on the parameters {i.e. the moduli) that accompany these mixed 
vertex operators. Moreover, due to the change in the boundary conditions caused by 
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the mixed operators, in general one can expect that 


( "^^open )mixed disk 7^ ^ ' (^•^) 

In this paper we will conhrm this expectation and in particular show that the massless 
helds of the A/” = 4 gauge vector multiplet propagating on the D3 branes have non¬ 
trivial tadpoles on the mixed disks; for example, for the gauge potential we will 
hnd that 

( )mixed disk 7^ 0 • (1-9) 

Furthermore, by taking the Fourier transform of these massless tadpoles after in¬ 
cluding a propagator i a, we hnd that the corresponding space-time prohle is 
precisely that of the classical instanton solution of the SU(N) gauge theory in the 
singular gauge [^, For simplicity we show this only in the case of the D3/D(—1) 
brane system in hat space, he. for instantons of the A/" = 4 supersymmetry, but a 
similar analysis can be performed without difficulties also in orbifold backgrounds 
that reduce the supersymmetry to A/” = 2 or A/” = 1. 

We can therefore assert that the mixed disks are the sources for gauge helds with 
an instanton prohle, and thus, contrarily to the ordinary disks (see eq. (|1.4|) ) they 
are the appropriate world-sheets one has to consider in order to compute instanton 
contributions to correlation functions within string theory. We believe that this fact 
helps to clarify the analysis and the prescriptions presented in Refs. B. 0 and 
also provides the conceptual bridge necessary to relate the D-instanton techniques of 
string theory with the standard instanton calculus in held theory. 

This paper is organized as follows. In section ^ we review the main properties 
of the D3/D(—1) brane system, discuss its supersymmetries and the spectrum of its 
open string excitations. In section ^we derive the ehective action for the D3/D(—1) 
brane system by taking the held theory limit a' —0 of string scattering amplitudes 
on (mixed) disks. In this derivation we introduce also a string representation for the 
auxiliary helds that linearize the supersymmetry transformation rules, and discuss 
how the ehective action of the D3/D(—1) system reduces to the ADHM measure on 
the instanton moduli space by taking a suitable scaling limit. In section ^ we present 
one of the main result of this paper, namely that the gauge vector held emitted from 
a mixed disk with two boundary changing operators is exactly the leading term in the 
large distance expansion of the classical instanton solution in the singular gauge. We 
also discuss how the complete solution can be recovered by considering mixed disks 
with more boundary changing insertions. In section we complete our analysis by 
considering the other components of the A/” = 4 vector multiplet and obtain the full 
superinstanton solution from mixed disks. In the last section we show how instanton 
contributions to correlation functions in gauge theories can be computed using string 
theory methods, and also clarify the relation with the standard held theory approach. 
Finally, in the appendices we list our conventions, give some more technical details 
and briehy review the ADHM costruction of the superinstanton solution. 
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2. A review of the D3/D(-l) system 


The k instanton sector of a four-dimensional A/" = 4 SYM theory with gauge group 
SU(iV) can be described by a bound state of N D3 and k D(—1) branes ||, |[. In 
this section we review the main properties of this brane system, and in particular 
analyze its supersymmetries and the spectrum of its open string excitations. 

In the D3/D(—1) system the string coordinates X^{T,a) and {M = 

1,..., 10) obey different boundary conditions depending on the type of boundary. 
Specifically, on the D(—1) brane we have Dirichlet boundary conditions in all direc¬ 
tions, while on the D3 brane the longitudinal fields and (/i = 1, 2, 3,4) satisfy 
Neumann boundary conditions, and the transverse fields and (a = 5,..., 10) 
obey Dirichlet boundary conditions. To fully define the system, it is necessary to 
specify also the reflection rules of the spin helds which transform as a Weyl 
spinor of SO(10) (say with negative chirality). As explained for example in Ref. [Q], 
these reflection rules must be determined consistently from the boundary conditions 
of the V^-^’s. Introducing 2 ; = exp (r -|- icx) and 2 = exp (r — icx), and denoting with 
a ~ the right-moving part, it turns out that on the D(—1) boundary 


while on the D3 boundary 


R'^(^) = £ R'^(f) 


2=2 


( 2 . 1 ) 





2=2 


( 2 . 2 ) 


Here, £ and e' are signs that distinguish between branes and anti-branes. However, 
only the relative sign ee' is relevant, and thus we loose no generality in setting e = 1 
from now on. 

Since the presence of the D3 branes breaks SO(IO) to SO(4) x SO(6), we decom¬ 
pose the spin fields S-^ as follows 


5-^ ^ (5„ Ra, S^) 


(2.3) 


where Sa (R") are SO(4) Weyl spinors of positive (negative) chirality, and (Sa) 
are SO(6) Weyl spinors of positive (negative) chirality which transform in the fun¬ 
damental (anti-fundamental) representation of SU(4) ~ SO(6) (see appendix ^ for 
our conventions). Then, the D(—1) boundary conditions (p.l|) become 


s„(2) SA:) = SAA SaA) , s“(.-) s-Az) = s“(2) s-Hz) 


(2.4) 


while the D3 boundary conditions (|2.2|) become 


R„(z) Sa{z) = e' S^{z) Sa{z) , R“(z) S^{z) = -s' R“(z) S^{z) . (2.5) 


These reflection rules are essential in determining which supersymmetries are pre¬ 
served or broken by the different branes. 









2.1 Broken and unbroken supersymmetries 

Let us recall that the charge q corresponding to a holomorphic current can be written 
in terms of the left and right bulk charges Q and Q as 


q = Q - Q 


1 

27ri 


dz j{z) 



( 2 . 6 ) 


where the z {z) integral is over a semicircle of constant radius in the upper (lower) 
half complex plane. The charge q is conserved at the boundary if the following 
condition 


iU) 



(2.7) 


holds. On the contrary, the other combination of bulk charges 


q' — Q Q 


1 

27ri 


dz j{z) + 


dz j{z) 


( 2 . 8 ) 


is broken by the boundary conditions ( p.7|) . In this case, when the integration con¬ 
tours are deformed to real axis, the integrand does not vanish and thus it contributes 
to g' with the following amount 


dx {j +j) 


'boundary 


(2.9) 


This corresponds to the integrated insertion on the boundary of the massless vertex 
operator (j -|- j)(x) which describes the Goldstone held associated to the broken 
symmetry generated by q'. 

Let us now return to the D3/D(—1) system, and consider the bulk supercharges 



dz 3 \z) 



dz j-^{z) , 


( 2 . 10 ) 


where (j"^) is the left (right) supersymmetry current. In the (—1/2) picture, we 
simply have 

j^(z) = S^{z) ( 2 . 11 ) 

(and similarly for the right moving current) where (j) is the chiral boson of the su¬ 


perghost fermionization formulas |26 


Decomposing the spin held as in ( |2.3| ), and using the rehection rules (|2.4|) and 
( |2.5|) , from the previous analysis it is easy to conclude that for e' = —1 

• the charge is preserved both on the D3 and on the D(—1) bound¬ 

ary. Adopting the same notation as in |^, we denote by ^aA the fermionic 
parameters of the supersymmetry transformations generated by this charge; 

• the charge is broken on both types of boundaries. The corresponding 

parameter is denoted by p^A] 
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• the charge QaA — QaA is preserved on the D(—1) boundary but is broken on 
the D3 boundary. The corresponding parameter is denoted by 

• the charge QaA + QaA is preserved on the D3 boundary but is broken by the 
D(—1). The corresponding parameter is denoted by 77 ""^. 

If e' = 1, the chiralities get exchanged and the charges QaA — QaA and QaA + QaA are 
respectively preserved and broken on both boundaries, while the charges Q°'^ — Q°‘^ 
and Q^^ + Q^^ are preserved only on the D(—1) boundary and on the D3 boundary 
respectively. This exchange of chiralities is consistent with the fact that the two 
cases s' = =f 1 correspond to instanton and anti-instanton conhgurations in the four¬ 
dimensional gauge theory. 

2.2 Massless spectrum 

In the D3/D(—1) brane system there are four different kinds of open strings: those 
stretching between two D3-branes (3/3 strings in the following), those having both 
ends on a D(—l)-brane ((—1)/(—1) strings), and dually those which start on a D(—1) 
and end on a D3 brane or vice-versa ((—1)/3 or 3/(—1) strings). 

Let us first consider the 3/3 strings. In the NS sector at the massless level we 
hnd a gauge vector and six scalars 79 “ which can propagate in the four longitu¬ 
dinal directions of the D3 brane. The corresponding vertex operators (in the (—1) 
superghost picture) are 



iT‘A) 

= 


(2.12) 


Vp'Kz) 

= ^\P) 


(2,13) 

where 






vyi^ip) = 


;^) e-<^b) eip-^AA ^ 

(2.14) 


v'a'\z\p) = 



(2.15) 


with py being the longitudinal incoming momentum. Here we have taken the conven¬ 
tion that 27rQ;' = 1; in the next section when we compute string scattering amplitudes 
we will reinstate the appropriate dimensional factors. 

In the R sector at the massless level we find two gauginos, and A^a, that 
have opposite SO(4) chirality and transform respectively in the fundamental and 
anti-fundamental representation of SU(4). In the (—1/2) picture, the gaugino vertex 
operators are 

= A“-'(p) v‘aT\z\p) 

= Ad/i(p) v‘^^p\z-,p) 


- 8 - 


(2,16) 

(2.17) 



where 

, (2.18) 

Vi~^^^\z;p) = . (2.19) 

The massless helds introduced above form the A/” = 4 vector multiplet and are 
connected to each other by the sixteen supersymmetry transformations which are 
preserved on a D3 boundary and whose parameters are ^aA and 77 ""^, namely 

s<p‘ = - i ua (sy^ Ay + i y (S“)ab a/ , (2.20) 


where a and a are the Dirac matrices of SO(4), and S and S are those of SO(6). 
(see appendix ^ for our conventions). 

The transformation laws ( p.2(]| ) can be obtained by reducing to four dimensions 
the supersymmetry transformations of the M = 1 SYM theory in ten dimensions. 
However, they can also be obtained directly in the string formalism by using the 
vertex operators (|2.12| )- (|2.13| ) and computing their commutators with the supersym¬ 
metry charges that are preserved on the D3 brane. For instance, taking the vertex 
operator (|2.16|) for the gaugino and the supersymmetry charge 
both in the (—1/2) picture, we have 


yy,vy^\z) iy, fAv) y-‘'"'(y 


/ dy 


‘OiAi 


K-l/2), 




27ri 


= (-ie 


A 27ri 
S"{y) S^{y) 

1 


Syiz)SB{z) 






-0(z) giPiAX‘'(2) 


( 2 . 21 ) 


where in the last step we have used the contraction formulas (|A.19| ). Comparing 
with (|2.12D , we recognize in the last line of (p.21|) the vertex operator of a gauge 
boson with polarization 

5-^Ay= ieaA(dA“''A/ (2.22) 

in agreement with the hrst of eqs. (|2.20|) . Thus, we can schematically write ( p.21j ) 
as follows 

[eg,Av] =14^-24 . (2.23) 

By proceeding in this way with all other vertex operators, we can reconstruct the 
entire transformation rules (|2.20|) . Since in this approach the supersymmetry gener¬ 
ators act on the vertex operators, and not on their polarizations, in order to derive 
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the transformation rnle of a given field we have to work “backwards” and apply the 
supercharges to the vertices of the helds which appear in the right hand side of the 
supersymmetry transformations. 

If one considers N coincident D3-branes, all vertex operators for the 3/3 strings 
acquire N x N Chan-Paton factors and correspondingly all polarizations will 
transform in the adjoint representation of U(A^) (or SU(iV)). In this case, the super- 
symmetry transformation rules ( 2.2(JD must be modihed accordingly, and in partic¬ 
ular in the variation of the gauginos one must replace with the full non-abelian 
held strength, the ordinary derivatives with the covariant ones and also add a term 
proportional to . 

Let us now consider the (—1)/(—1) strings. Since now there are no longitudinal 
Neumann directions, the states of these strings do not carry any momentum, and 
thus they correspond more to moduli rather than to dynamical helds. In the NS 
sector we hnd ten bosonic moduli. Even if they are all on the same footing, for 
later purposes it is convenient to distinguish them into four (corresponding to the 
longitudinal directions of the D3 branes) and six (corresponding to the transverse 
directions to the D3’s). Their vertex operators (in the (—1) superghost picture) read 




s/2 




[z e 




X , 


z e 


-<p(z) 


(2.24) 

(2.25) 


In the R sector of the (—1)/(—1) strings we hnd sixteen fermionic moduli which 
are conventionally denoted by and XaAi and correspond to the following vertex 
operators (in the (—1/2) superghost picture) 

Vi^'/^\z) = S^{z)SA{z)e-"^‘^^^^ , 


= XaA S'^(z) 


(2.26) 

(2.27) 


The moduli we have introduced so far are related to each other by the sixteen super- 
symmetry transformations which are preserved on a D(—1) boundary. These can be 
obtained by reducing to zero dimensions the Af = 1 supersymmetry transformations 
of the SYM theory in ten dimensions. However, since we will be ultimately interested 
in discussing the instanton properties of the four-dimensional gauge theory living on 
the D3 branes, we write only the moduli transformations which are preserved also 
by a D3 boundary and whose parameters have been denoted by ^aA- They are 

= ieaA(d^)“^M/ , 

, (2.28) 
= 0 , = 0 . 

Also these supersymmetry transformations can be obtained by commuting the charge 
with the vertex operators of the various moduli, in complete analogy with what 
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we have shown in ( 2.21 ). For example, we have 


[U^Vm] =Vs^a . (2.29) 

If we consider a superposition of k D(—1) branes, the vertex operators (p.25|) - 
( p.27|) acquire k x k Chan-Paton factors and the associated moduli an index in 
the adjoint representation of U(fc). Moreover, the supersymmetry transformations 
of the fermionic moduli and XaA get modihed and become 


[xa,a,] , (2.30) 

[xa,xb] + K,a,] ■ (2.31) 


Notice that these transformations being non linear in the moduli cannot be obtained 
using the vertex operator approach previously discussed. However, in the next sec¬ 
tion, we will show that this is actually possible after introducing suitable auxiliary 
helds. 

Finally, let us consider the 3/(—1) and (—1)/3 strings which are characterized 
by the fact that four directions (those that are longitudinal to the D3 brane) have 
mixed boundary conditions. These conditions forbid any momentum and imply that 
in the NS sector the helds ip^ have integer-moded expansions with zero-modes that 
represent the SO(4) Clifford algebra. Therefore, the massless states of this sector 
are organized in two bosonic Weyl spinors of SO(4) which we denote by w and w 
respectively. The chirality of these spinors is hxed by the GSO projection, and 
depends on whether the D(—1) brane represents an instanton or an anti-instanton. 
In the instanton case, i.e. for e' = —1 in (|2.5|) , it turns out that w and w must 
be anti-chiral, and thus the corresponding vertex operators (in the (—1) superghost 
picture) are 


Vy\z) =w^A{z)S^{z)e-^^^^ , 

Vt^\z) = WaA{z)S'^{z)e-'^^^^ . (2.32) 

Here A(; 2 ) and A(z) are the bosonic twist and anti-twist helds with conformal dimen¬ 
sion 1/4, that change the boundary conditions of the coordinates from Neumann 
to Dirichlet and vice-versa by introducing a cut in the world-sheet 

^The fact that w and w must be anti-chiral can be understood by observing that the vertices 
( 2.32D are local with respect to the supercurrent associated to the only conserved super¬ 

charges (7“^ of the D3/D(—1) strings. Indeed, using the OPE’s summarized in appendix we 
have 


f^{z)VyHy)= Iw. A{y) (y) 


(z-y) L 


w“A(y) S^iy) 


-t' 
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In the R sector of the 3/(—1) and (—1)/3 strings the helds have half-integer 
mode expansions so that there are fermionic zero-modes only in the six common 
transverse directions. Thus, the massless states of the R sector form two fermionic 
Weyl spinors of SO(6) which we denote by fi and p respectively. Again, it is the GSO 
projection, together with the requirement of locality with respect to the conserved 
supercurrent, that fixes the SO(6) chirality of fi and jl. The appropriate choice for in- 
stanton conhgurations is that they must transform in the fundamental representation 
of SU(4) so that their vertices (in the (—1/2) picture) are 

= /i^ A(;2) ^^(z) , 

vt^^^\z)=fi^A{z)SA{z)e--^^^^^ . (2.33) 


In the presence of N D3 and k D(—1) branes, the vertices ( 2.32 ) and ( 2.33 ) acquire 
Chan-Paton factors and transforming, respectively, in the bifundamental rep¬ 
resentations N X k and N x k of the gauge groups. 

The unbroken supersymmetries of the D3/D(—1) system act on w and fi by the 
following transformations 


iOfj^ i h" : 

6^fi^ = 


(2.34) 

(2.35) 


and similarly for Wa and The linear supersymmetry transformation (p.34|) can 
be obtained in the string operator formalism by commuting the charge with the 
vertex operator V/; indeed we have 


[^q,V,] =Vs^ 


(2.36) 


On the contrary, we have 

[e?,K,]=0, (2.37) 

and to derive the non-linear transformation ( 2.35 ) from the string vertex operators 
suitable auxiliary fields are required. Furthermore, the presence of w and w modifies 
the supersymmetry transformation of X^a by a non-linear term 


AoA ~ P,dA ww , 


(2.38) 


which also requires auxiliary helds in order to be derived in the string operator 
formalism. We conclude by mentioning that under the eight supercharges q'^j^ that 
are preserved by the D3 branes but are broken by the D-instantons, the moduli ta, 
tD, fi and jl are invariant and that [rf g', 14,] = 0. 


where the ellipses stand for regular terms. If one had chosen the other chirality (corresponding to 
chiral moduli Wa and Wa), one would have obtained a branch cut in the OPE with the supercurrent 
and thus locality would have been spoiled. On the contrary, the chiral moduli would be local 
with respect to the supercurrent jaA^z) that is conserved for an anti-instanton {i.e. for e' = — 1 in 

(ph). 
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3. Effective actions and ADHM measure on moduli space 


In this section we compute the (tree-level) string amplitudes in the D3/D(—1) system 
by using the vertex operators previously introduced, and discuss the held theory limit 
a' —0 that yields the effective actions and the ADHM measure on the instanton 
moduli space. 

As a first example, let us consider the (color ordered) amplitude among one 
gauge boson and two gauginos of the 3/3 strings. This is obtained by inserting the 
vertex operators ( p.l2|) , (|2.16|) and (|2.17|) on a disk representing N D3 branes and is 
given by 


Ylidzi 


= C, 


dV, 


123 




(- 1 / 2 ), 




(- 1 / 2 ), 


(3.1) 


In this expression dVabc is the projective invariant volume element 

dZa dZb dZc 


d\^nhr. 


{Za - Zb){Zb - Zc){Zc - Za) 


(3,2) 


and the prefactor C 4 represents the topological normalization of a disk amplitude 
with the boundary conditions of a D3 brane. In general, the normalization Cp+i for 
disk amplitudes on a Dp brane can be determined using for example the unitarity 
methods of Ref. [^, and if we take (27ra')^/^ as the unit of length, it reads 


Cp+i — 


ZwZa'Z Xp+i sP, 


(3,3) 


where Pp+i is the coupling constant of the {p + l)-dimensional gauge theory living 
on the brane world-volume which is given by 


p-3 


9 'p+i = 4"' (47r^Q,') “ g 


(3.4) 


in terms of the string coupling constant and Xp+i is the Casimir invariant of the 
fundamental representation of the gauge group of the Dp branes. Here we follow the 
standard conventions and normalize the SU(A^) generators on the D3 branes with 
a ;4 = 1/2 , he. 

TiiT^T^) = (3.5) 

and the U{k) generators on the D-instantons with xq = 1, he. ^ 

tr(f^f^) = . (3.6) 

^In this way the one-instanton case (k = 1 ) can be simply obtained by removing the trace symbol 
from all formulas without extra numerical factors. 















With this choice we have 


1 1 


^4 = 


9ym 


(3.7) 


where = gf = Angg is the gauge coupling constant of the four-dimensional SYM 
theory, and 

4 = - = ^ (3.8) 


27r2tt'2 g2 


9ym 


Notice that the normalization C 4 of a D3 amplitude is dimensionful, whereas the 
normalization Cq of a D-instanton amplitude is dimensionless and equal to the action 
of a gauge instanton. 


To compute the amplitude (^), we must further remember that in section ^ 
all vertex operators have been written with the convention that 27rQ;' = 1 , and 
thus suitable dimensional factors must be reinstated in the calculation. This can 
be systematically done by rescaling all bosonic fields of the NS sector by a factor of 
(27ra')^/^ so that they acquire the canonical dimension of (length)”^, and by rescaling 
all fermionic helds of the R sector by a factor of (27rQ!')^/'^ so that they acquire 
the canonical dimension of (length) Taking all these normalization factors into 
account and using the contraction formulas of appendix we find 


*.4. (AAA) — ~ 


2 i 

S'ym 


Tr 




(3,9) 


where the ^-function of momentum conservation is understood. The complete result 


is obtained by adding to (|^) all other inequivalent color orderings, and thus the 
total coupling among two gauginos and one gauge boson is given by 


2 i 

9ym 


Tr A 




ThA, 


(3.10) 


All other interactions among the massless 3/3 string modes can be computed in a 
similar way. After taking the limit a' —>■ 0 with gyu held fixed in all string amplitudes 
and taking their Fourier transform, one finds that their IPI parts are encoded in the 
(euclidean) action of the A/” = 4 SYM theory ^ 


i^sym — 


9ym 


d^x Tr^ 


2 AaA?*“^A/-F {V^tpaf - - [Va.VhX 


- i(S“)^^AAA[v^a,A“B] - i(S“)ABA“^[v^a,A/] 


(3.11) 


which is invariant under the non-abelian version of the supersymmetry transforma¬ 


tion rules (| 2 . 20 |) . 


^Remember that in Euclidean space the IPI part of a scattering amplitude is equal to minus 
the corresponding interaction term in the action. Moreover, the terms of higher order in a' in the 
scattering amplitudes represent string corrections to the standard field theory. 
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Let us now turn to the interactions among the (—1)/(—1) strings which are 
obtained by evaluating correlation functions on disks representing k D(—1) branes. 
For example, the color ordered coupling among and corresponds to 


A>.aM) = U<-‘) 4- 


(-1/2)^ 


(3.12) 


where the vertex operators are given in (|2.24|) , (p.26|) and (|2.27|) with suitable factors 
of 2 Tia' inserted as discussed above in order to assign the canonical dimensions to 


the various helds. In (p.l2|) the expectation value is computed in analogy with (|3.1j) 
but now the overall normalization is Cq given in (|3.8|) , as is appropriate for a disk 
with a D(—1) boundary. After adding all color orderings, one hnds that the total 
coupling under consideration is 


i 





(3.13) 


where the trace is now taken on the indices labeling the fc D(—1) branes. Interestingly, 
the various normalization coefficients have conspired to reproduce the (dimensionful) 
coupling constant Qq with no other factors of a' left over. If we proceed in a similar 
way and take the held theory limit a' ^ 0 with held hxed, we hnd that all 
irreducible couplings of the (—1)/(—1) strings are encoded in the effective action 


5{-i) 


5. 


cubic 


5, 


quartic 


(3.14) 


where 


‘^cubic „ trs A 

% 






i (E“)-<« A,,.4 [x'., \%] - i (S“)4B M--' [x., AC] 


and 


‘^quartic /i A q Xq] A ^ [Xai Xb] 


(3.15) 

(3.16) 


l2 , -L r i2 , J- r 12 

^ XaJ + ^ 

This action, which is the reduction to zero dimensions of the J\f = 1 SYM action in 
ten dimensions, vanishes in the abelian case of a single D(—1) brane, i.e. for k = 1. 
It is interesting to observe that the quartic interactions in (|3.16|) can be decoupled 
by means of auxiliary helds. In fact, ^quartic is equivalent to 


5' = ^tr 
% 


\dI + K.a-] + la'-.xl 


^ ^ab + 2 


[x“,x1 


(3.17) 


where f] is the anti-self dual’t Hooft symbol and H, Y and Z are auxiliary helds with 
dimensions of {length)~‘^ which reproduce the quartic couplings of ( |3.16| ) after they 
are eliminated through their equations of motion. It is worth remarking that, in order 
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to decouple the interaction tr[a^,ai/]^, it is enough to introduce three independent 
degrees of freedom which correspond to an antisymmetric tensor of a given 
duality. For dehniteness we have chosen this tensor to be anti-self dual and thus 
have written 

The cubic couplings of S' can be obtained in the string operator formalism by 
introducing the following vertices for the auxiliary fields (in units of 27ra' = 1) 

^d\z) = \ Dc%^V{z)V{z) , 

V^^\z)=Y^,r{z)r{z) , (3.18) 

vP{z) = \z,,^\z)r{z) . 


These NS vertices are written in the 0-superghost picture and, even if they are not 
BRST invariant they provide the correct structures and interactions. Fox example, 
the (color-ordered) coupling among the auxiliary field D and two a’s is reproduced 
by 




iDo.) = 1 (ry f o" “") 


(3.19) 


where a symmetry factor of 1/2 has been inserted to account for the presence of 
two alike vertices, and the auxiliary field has been rescaled with (27rQ;') to make it of 
canonical dimension. All other cubic interactions of the action (|3.17|) can be obtained 
in a similar way. 

The vertex operators ( p.l8| ) are useful also because they linearize the supersym¬ 
metry transformation rules of the various moduli which can therefore be obtained 
completely within the string operator formalism. In fact, using the method described 
in section & one can show for example that 




(3.20) 


where Vs-x is the vertex (|2.27|) with polarization 


^ (a 




(3.21) 


If the auxiliary fields Dc are eliminated through their equations of motion following 
from S', then (|3.21|) reproduces exactly the last non-linear term in the supersymme¬ 
try transformation rule (|2.31|) . Similarly, the other terms in (|2.31|) and (|2.30|) can be 
obtained by computing q, Vz] and q, Vy] ■ 

Let us now analyze the interactions of the (—1)/3 and 3/(—1) strings. In this 
case the novelty is represented by the fact that the vertex operators (|2.32| ) and ( p.33|) 


^The lack of BRST invariance of the vertices (|3.18 ) should not be regarded as a serious problem 
since, when dealing with auxiliary fields, one is effectively working off-shell. Vertices similar to 
those of (p.l8|) (but in the (—2) superghost picture) have been considered in Ref. 
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contain the twist and anti-twist fields, A and A, which change the bonndary con¬ 
ditions of the longitndinal coordinates X^. Thus, for consistency in any correlation 
function a vertex operator of the (—1)/3 sector must always be accompanied by one 
of the 3/(—1) sector. This gives rise to mixed disks whose boundary is divided into 
an even number of portions with different boundary conditions The simplest case 
is the mixed disk represented in Fig. where a pair of twist/anti-twist operators 
divides its boundary in two portions with D3 and D(—1) boundary conditions re¬ 
spectively. The topological normalization for the expectation value on such a mixed 
disk is Cq given in (|3.8| ), i.e. the normalization of the lowest brane. 

Let us now consider a 3-point amplitude originating from the insertion of a 
(—1)/(—1) state on a mixed disk, like for example 

= ■ ( 3 - 22 ) 


This correlation function can be computed in a straightforward manner by using the 
OPE’s of appendix and the result is 

^ tr A“4 AJ (3.23) 

9o 


where we have explicitly indicated also the index u of the fundamental representation 
of SU(A) carried by the “twisted” moduli. Again all normalizations have conspired 
to reconstruct the coupling constant go with no other factors of a' left over. Thus, 
this amplitude survives in the limit a' —> 0 with go fixed, and must be added to 
the zero-dimensional effective action 5(_i). Other terms of this effective action could 
arise from amplitudes involving the vertex operators ( 3.18 ) of the auxiliary fields. 
For example, we have 




(»D«) = (ri-'wy i/y’)) 


29„" 




9o 


(3.24) 


where in the last step we have introduced the k x k matrices 


(hF‘=)/ = (rT.w 


/3 

0 uj 


(3.25) 


with being the Pauli matrices. We remark in passing that the coupling 
modifies the field equations of Dc by a term proportional to Wc- Thus, when the 
auxiliary fields are eliminated from the supersymmetry transformation rule (|3.21|) , 

, PH] to study the 


the structure (|2.38|) can be reproduced. 


® String amplitudes on mixed disks have been previously analyzed in Ref. 
gauge interactions of the non-BPS D-particles of the type IIB theory. 
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If we proceed systematically and compute all amplitudes on mixed disks which 
survive in the held theory limit, we can reconstruct the following effective action for 
tc, tc, /i and fi 


S" = 


2 i 


tr 




‘ + Wdn/i 


Au 


><A-DcW^+- (E“) as - i Xa 


(3.26) 

Notice that the auxiliary helds Y and Z do not appear in this action. In fact, all 
mixed amplitudes involving them vanish either at the string level, or in the held 
theory limit. We point out that in analogy with what we have done before, also 
the quartic interaction of (|3.26|) can be decoupled by introducing a pair of auxiliary 
helds Xaa and X^a- Their corresponding vertex operators, which are proportional to 
and S°‘'4)°‘X respectively, can be used to derive the non-linear supersymmetry 
transformations rules (p.35|) in the string operator formalism. However, since these 


auxiliary helds do not play any other role, we will not introduce them in our analysis. 

We can summarize our hndings by saying that the total ehective action for the 
moduli produced by the D-instantons is given by 


5 , 


moduli 


= 5 . 


cubic 


S' + S‘ 


(3.27) 


As we have thoroughly discussed, the zero-dimensional action ( p.271) arises from string 
scattering amplitudes on D(—1) branes in the limit a' —> 0 with hxed, whereas 
the four-dimensional SYM action (|3.11|) is obtained from string amplitudes on D3 
branes in the limit a' —> 0 with qym hxed. However, as is clear from (|3^) , qym and 
qq cannot be kept hxed at the same time: indeed, when a' —>■ 0 either qym —> 0 if 
Qq is hxed, oi Qq ^ oo if is hxed. This simple fact shows that while a system 
made of D3 and D(—1) branes is perfectly well-dehned and stable at the string level, 
its held theory limit, instead, is more subtle and requires some care. Since we are 
interested in analyzing the four-dimensional SYM theory, we clearly must keep hxed 
Qym when a' —0, and hence we should consider the zero-dimensional moduli action 
in the strong coupling limit Qq ^ oo. If we take this limit in a naive way, we obtain a 
rather trivial result because the action (|3.27|) , which is inversely proportional to Qq, 
becomes negligible and all ehects of the D-instantons inside the D3 branes disappear. 
However, there is another possibility that yields more interesting results: it consists 
in taking qq and (some of) the moduli to inhnity. In particular, if we take 


\/2go a 

1 X X 1 

M=^M’ , 
V2 

A = A' , 

D = 

D' , Y = 

V2goY' , Z = 

o 

II 

go / 

9o -! 

9o / 

9o -/ 

71” ' 

w = —= w 




(3.28) 


and keep the primed variables hxed when go ^ oo, we can easily see that the moduli 









action (|3.27 ) survives in the field theory limit, and becomes 


5„.oduii = + 2Y',a ^ Z'f, + y', 


I fBu f 1 /V'ftX 71 ^ IK/ff ^ 

+ 2 )ab h' n h X a - 4 (S )ab M [x M „ 


, . / ,A lU /Am 

+ M u ^ a + ^ 1 ^ + 


[a'",a'-] 


Ar'"'". 4^ 


A' 


(3.29) 


If we integrate out the auxiliary fields Y' and Z', the action ( |3.29|) reduces exactly to 
the sum of the actions Sk and defined in eqs. (10.70b) and (10.70c) of Ref. 

(up to a redefinition of x'a ~iXa)- The action (|3.29|) provides the ADHM measure 
on the moduli space of the fc-instanton sector of the A/" = 4 SU {N) SYM theory; in 
particular, the equations of motion for D'^ are precisely the three non-linear ADHM 
constraints 

W"^+ifjlu = 0 ’ (3-30) 

while the equations of motion for are the fermionic constraints 


-,A / u , /Au , 

fi' uW ^ + W'au Ai + 


M‘ 


/0A 


‘-0a 


= 0 


(3.31) 


of the ADHM construction. From now on, to avoid clutter we drop the ' from all 
moduli, but we keep the traditional notation for a' and M' 

In this section we have explicitly reviewed that the D3/D(—1) system accomo¬ 
dates all instanton moduli of a four-dimensional supersymmetric gauge theory. It 
is worth pointing out, however, that the ADHM measure on moduli space does not 
follow automatically from this construction. In fact, as we have shown, this measure 
emerges only by taking the field theory limit of the D3/D(—1) system in a very 
specific way, which includes a rescaling of some of the string moduli with the dimen¬ 
sionful coupling qq, as indicated in (|3.28| ), and the strong coupling limit qq ^ oo. 

®The procedure to obtain the ADHM measure that we have explained consists of two distinct 
steps: the first is the field theory limit on the D(—1) branes, the second is the strong coupling limit 
accompanied by a rescaling of the D(—1) fields which survive the first step. However, it is also 
possible to obtain the ADHM measure directly in a single step. This can be done by using always 
adimensional polarizations rescaled as follows 


a = 



1/2 


W = 



x = s-“x' , M= , A=s-3“/2X 

D = s-^°‘D' , Y = V2Y' , Z = Z' , 



0 = 





. 0 = 





with a < 0, and then letting s —> 0. It turns out that the action which survives in this limit is 
precisely given by eq. ( 3.29D . The standard dimensions of the ADHM moduli can then be recovered 
by introducing suitable factors of (27ra'). 






















4. The instanton solution from mixed disks 


The disk diagrams considered in the previous section do not exhaust all possibilities, 
since there exhist also mixed disks with the emission of 3/3 strings. In this and the 
following sections we explicitly analyze such mixed diagrams and show that they 
are directly related to the classical instanton solutions of the four-dimensional SYM 
theory. In particular we show that the D(—1) branes effectively act as a source for the 
various fields of the gauge supermultiplet and that the (—1)/(—1) strings together 
with the boundary changing operators associated to the 3/(—1) and (—1)/3 strings 
provide the correct dependence of the instanton profile on the ADHM moduli. For 
simplicity we will discuss in detail only the case of instanton number A; = 1 in a 
SU(iV) gauge theory. However, no substantial changes occur in our analysis if one 
considers higher values of k. Moreover, in the following we will set again 2na' = 1 
since all dimensional factors cancel out in the hnal results. 

4.1 The gauge vector profile 

Let us begin by considering the emission of the gauge vector held from a mixed 
disk. The simplest diagram which can contribute to this process contains two bosonic 
boundary changing operators (14) and 14;) and no D(—1)/D(—1) moduli, as shown 

in Fig. 1^. 

w 

s 

\ 

\ 

\ 

I 

/ 

/ 



Figure 2: The mixed disk that describes the emission of a gauge vector field 4^ with 
momentum p represented by the outgoing wavy line. 


The amplitude (in momentum space) associated to this diagram is 


A'^(p;w,w) = (vt'’v[“H-p) V^-» 


(4,1) 


where, like for any mixed disk, the expectation value is normalized with Cq. Since 
we want to describe the source for the emission of a gauge boson, in the correlation 
function (|4.1|) we have inserted a gluon vertex operator with outgoing momentum 
and without polarization, so that the amplitude ( [4.1|) carries the Lorentz structure 
and the quantum numbers that are appropriate for an emitted gauge vector held. 
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Moreover, the gluon vertex is in the 0 superghost picture. This can be obtained by 
performing a picture changing on the vertex (|2.14|) and reads 


-p) = 2iT^ {dX^ - ip (4.2) 

M 


where is the adjoint SU(iV) Chan-Paton factor The vertices for the w and w 
moduli are instead in the (—1) superghost picture, and are given in (|2.32|) . However, 
due to the rescalings (|3.28|), an overall factor of ((7s/2vr)^/^ must be incorporated 


in each of these vertices in order to interprete their polarizations as the w and w 
moduli of the ADHM construction. Using the contraction formulas of appendix ^ 
and taking into account (see eq. ( A.21 )) that 


( A{zi) A(^3) ) = - {zi - (4.3) 


where Xq denotes the location of the D-instanton inside the world-volume of the D3 
branes (see also eq. (|A-21|) ), one easily hnds that the amplitude (^T|) is given by 


A^Ap]w,w) = i(T^)\p^r7, 




w. 


(u) 


V 


e-ip-xo ^ ip. g-ip-xo ^4 4) 


where, in the last step, we have introduced the convenient notation Jl^{w,w) for 
the moduli dependence. Note that the various factors of Qs and tt’s coming from 
the rescalings and from the normalization Co of the mixed disk have canceled out 
completely in this calculation. 

As we have discussed before, the mixed disk of Fig. represents the source in 
momentum space for the emission of the gauge vector held in a non-trivial back¬ 
ground. To obtain the space-time prohle of this background, we simply have to take 
the Fourier transform of the amplitude A^^{p]w,w) after attaching to it the gluon 
propagator Thus, the classical held associated to the mixed disk of Fig. is 

= - 2 (u^/ wi) nl, . (4.5) 

This result can also be rewritten in terms of the antisymmetric “source” tensor 
as follows 

Ai(x) = J^^(w, w) j ^ w) d’^G{x - Xo) (4.6) 


where 


G{x 



gip'(x-a:o) 

(27r)2 


1 

(x - Xo)^ 


(4.7) 


^The overall factor of 21, which is not determined by the picture changing, is fixed by requiring 
the appropriate normalization of the three gluon amplitude. 
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is the scalar massless propagator in configuration space. 

The gauge field in (|4.5|) depends on the AN moduli and Wau, up to 

an overall phase redefinition w ~ and w ~ e“‘®tD, and on the position Xq of 
the D-instanton inside the world-volume of the D3 branes. This amounts to AN + 3 
real parameters which are precisely those of the unconstrained instanton moduli 
space in the ADHM construction. In fact, upon enforcing the three bosonic ADHM 
constraints = 0 (see eq. ( |3.3U|) for A; = 1), these parameters reduce exactly to the 
4A^ moduli of the SU(A^) instanton, namely the position of its center Xq, its size p 
and the 4A^ — 5 varibles that parametrize the coset space SU(A^)/S[U(A^ — 2) x U(l)] 
and specify the orientation of a SU(2) subgroup inside SU(A^). To see this explicitly, 
let us define 

2p^ = w\w^‘ , ( 4 . 8 ) 

and consider the three N x N matrices 




2p2 a 


( 4 . 9 ) 


Then, it is not difficult to show that these matrices generate a SU(2) subalgebra of 
SU(A^), i.e. [tc,td\ = lAde te, provided the ADHM constraints = 0 are satisfied. 
In conclusion, we can rewrite the gauge field ( |4.5|) as follows 




(x - xo)- ■ 

In the case of SU(2) the indices I and c can be identified and, taking into account 
the trace normalization, we obtain 




(x - Xo)* ■ 

In this expression we recognize precisely the leading term in the large distance ex¬ 
pansion (he. |x — xo| » p) of the classical BPST SU(2) instanton |^, |25| with 
center xq and size p, in the so-called singular gauge, namely 



o 

1 

{X - XqY 

{x - XqY -h 

2/ 

{X - XqY 

(i 

o 

1 

V ^o) 


+ . 


(4.12) 


Notice that such a configuration has a self-dual field strength, despite the appearance 
of the anti self-dual ’t Hooft symbols 

More generally, from the mixed disk amplitude (|4.5|) with the ADHM constraint 
( |3.3U| ) enforced, we can reconstruct the following anti-hermitian SU(A^) connection 

= -^Af,{xY {TYY = wY 1 (4-13) 
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which is precisely the leading term in the large distance expansion of the one- 
instanton connection of the ADHM construction in the singular gauge 

XoY 




[X 


{x - XqY {x - 


(4.14) 


This analysis clarifies the interpretation of the string amplitude associated to the 
mixed disk of Fig. However, a few comments are in order. Firstly, we would like 
to remark that the amplitude ([4.1|) is a 3-point function from the point of view of the 
two dimensional conformal field theory on the string world sheet, but it should be 
regarded instead as a 1-point function from the point of view of the four-dimensional 
gauge theory on the D3 branes. Indeed, the two boundary changing operators Vw 
and 14) in (|4.1|) just describe the non-dynamical parameters on which the background 
depends, i.e. the size of the instanton and its orientation inside the gauge group. To 
emphasize this point, we introduce the convenient notation 

= (v^7(-p))) (4.15) 

^ W '' // V{w,w) 

where V { w , w ) is the mixed disk produced by the insertion of 14) and V ^. Secondly, 
the fact that the instanton connection is in the singular gauge should not come as 
a surprise, but on the contrary it should be expected in this D-brane set-up. In 
fact, as we have seen, the gauge instanton is produced by a D(—1) brane which is 
a point-like object inside the D3 brane world-volume, and thus it is natural that 
the instanton connection arising in this way exhibits a singularity at the location xq 
of the D-instanton. We recall that in the singular gauge all non-trivial properties 
of the instanton profile come entirely from the region near the singularity through 
the embedding of a 3-sphere surrounding xq into a SU(2) subgroup of SU(iV). This 
is to be contrasted with what happens in the regular gauge, where all non-trivial 
properties of the instanton come instead from the asymptotic 3-sphere at infinity. 
Furthermore, in the singular gauge the instanton held falls off as 1/x^ at large dis¬ 
tances, thus guaranteeing the convergence of many integrals, like for example that 
of the topological charge. 

An obvious question to ask at this point is whether also the subleading terms in 
the large distance expansion of the instanton solution can have a direct interpretation 
in string theory. Since these higher-order terms contain higher powers of they 
are naturally associated to mixed disks with more insertions of boundary changing 
operators. For example, the diagram one should consider to study the emission of 
the vector held at the next-to-leading order is a mixed disk with two more vertices 14 j 
and Vw as shown in Fig. |[ However, extending the closed string analysis of Ref. 
to the present case, one can argue that in the limit a' —> 0 this diagram reduces to 
a simpler one in which two hrst-order diagrams are sewn with a 3-gluon vertex of 
the SYM theory, as shown in Fig. In appendix we will explicitly compute this 
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Figure 3: The mixed disk for the second order contribution to the gauge vector. 



Figure 4: In the field theory limit the mixed disk of Fig. |3| reduces to this configura¬ 
tion which accounts for the second order term in the large-distance approximation of the 
instanton solution for the gauge vector. 


diagram and find that, for example for SU(2), the corresponding emitted gange held 
is 





(X - XqY 

{x-xoy ’ 


(4.16) 


that is exactly the second-order term in the large distance expansion of in 

( [4.12|) . The higher order terms in this expansion can be in principle compnted in a 
similar manner and eventnally the fnll instanton solntion can be reconstrncted. This 
analysis shows that the relevant bnilding block for the complete solntion is actnally 
the leading term at large distance which corresponds to the “sonrce” diagram of Fig. 
^ whose evalnation, as we have seen, is extremely simple. 

What we have described above is the open string analogne of the procedure 
introduced in Refs. 10 for closed strings. There, the so-called boundary states p, 
3^ were recognized to be the sources for the various massless helds of the closed string 
spectrum in a D-brane background, and the classical supergravity D-brane solutions 
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were obtained by taking the Fonrier transform of the varions tadpoles prodnced by 
the bonndary states. Similarly here, the mixed disks have been shown to be the 
sonrces for the emission of open strings in a backgronnd whose prohle is precisely 
that of the classical gange instanton. Jnst like the bonndary state approach has been 
very nsefnl to obtain information on the classical geometry associated to complicated 
D-brane conhgnrations, also the present method based on the nse of mixed disks 
conld play a very nsefnl role in determining non-standard classical backgronnds of 
the gange theory. 


4.2 Insertions of the translational zero-modes 


It is a familiar fact that in the instanton backgronnd there are collective coordinates 
associated to the presence of broken translational symmetries. From the string point 
of view, these zero-modes describe the motion of the D-instanton within the D3 
branes and correspond to the vertex operators of a' (see eq. ( p.24| )) which, in the 0 
snperghost pictnre, are given by 

ry = o;s,.Y'‘ . (4.17) 


These vertex operators can be nsed to establish in a stringy way a relation between a' 
and the instanton collective coordinate Xq. Indeed, if one considers all disk diagrams 
obtained from that of Fig. |] by inserting any nnmber of vertices along the 
D(—1) part of the bonndary, and then resnms the corresponding pertnrbative series, 
one hnds that all occnrrences of xq are replaced by xq + a'. This fact conld be proved 
by adding to the action of the D(—1) open strings the following marginal deformation 
along the bonndary 


5S 


‘lua' 


dr 


= T r) - Idr(a = 0, r) 


( 0 ), 


(4.18) 


However, it is qnite difficnlt to treat this interaction in a non-pertnrbative way, since 
it is not easy to hnd an exact solntion of the new eqnations of motion for the string 
coordinates with the reqnired bonndary conditions and regnlarity properties. For 
this reason it is convenient to exploit the open-closed string dnality and translate the 
problem into the closed string langnage. This amonnts to represent the D-instanton 
localized at xq with a bonndary state |D(—l);xo) (see for example Ref. |Q for more 
details) and to perform a world-sheet modnlar transformation that interchanges the 
roles of a and r. Then, adding the marginal deformation (^4.18|) to the D(—1) open 
strings is eqnivalent, in the closed string channel, to 


P exp da a'^ drjD(-l);xo) , (4.19) 

as one can easily see by generalizing the discnssion of Ref. [Q. Notice that the path 
ordering is a conseqnence of the Chan-Paton factor that mnst be added to the vertex 
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operator ( 4.17|) when k > 1. For k = 1 instead, the path ordering is trivial and the 
expression ( [4.19|) can be easily evalnated. In particnlar, one hnds that the relevant 
zero-more part is given by 


e S'^{x — Xq) Ip = 0) = S'^{x — Xo — a') |p = 0) , (4.20) 

which clearly shows that all occurrences of Xq are to be replaced by Xo-l-a', as desired. 
For this reason in the following we will not distinguish any more between xq and a'. 

5. The superinstanton profile 

The procedure we have discussed in the previous section can be easily extended to 
the other components of the A/" = 4 vector multiplet, thus allowing to recover the full 
superinstanton solution from mixed disks. Indeed, acting with the supersymmetry 
transformations that are preserved also by the D(—1) branes, one can obtain from 
the diagram of Fig. ^ those that describe the emission of the gauginos and the scalar 
fields, and hence their classical profiles as function of the supermoduli. On the other 
hand, acting with the supersymmetries that are broken by the D(—1) branes, one 
can shift the supermoduli in the classical solution and account in this way for the 
fermionic zero-modes of the superinstantons. 


(a) (b) 



Figure 5: The two mixed disks that contribute to the emission of a gaugino Af ^ with 
momentum p represented by the outgoing solid line. 


5.1 Unbroken supersymmetries 

The simplest diagrams which contribute to the emission of a gaugino are mixed disks 
with one bosonic and one fermionic boundary changing operators. The two possibil¬ 
ities are represented in Fig. The amplitude (in momentum space) associated to 
the diagram (a) is given by 

A-Pp;®.,) . ((Vs,,(-P)))^,^^^^ = ((d-‘>vi7f (-p)y-‘/^>)) (5.1) 
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where V{w, fi) is the mixed disk created by the insertion of Vu, and and is easily 
evalnated to be 

= . (5.2) 

Notice again that in the amplitnde (|5.1|) we have inserted a gangino emission vertex 
with ontgoing momentnm. Similarly, the amplitnde corresponding to the diagram 
(b) is 

A‘*-'{p;p.,w) = (v-^, (-p)} . (5.3) 

W // V{w,fl) 

An alternative method to compnte these amplitndes is based on the nse of the sn- 
persymmetries which are preserved both on the D3 and on the D(—1) bonndary and 
have been denoted by g in section ^ Exploiting the fact that these snpersymmetries 
annihilate the vacnnm, we have the following Ward identity 


^q,V^\ V^.(-p)V;]) + (l4 [^q,VAi{-p)\ V,)) + {V^Vai^{-p) = 0 , 

(5.4) 

where for simplicity we have nnderstood the pictnre assignments The only new 
ingredient appearing in (|5.4| ) is the commntator in the second term; this can be 
compnted from ( [4.2| ) and reads 

^g,VAi(-p) = ■ (5-5) 

Then, nsing ( |2.36| ) and (|2.37|) , we can rewrite the Ward identity ( b.4| ) as follows 

Vs,^(-P) 'v) + (k» V.4;(-p) = 0 (5.6) 

which allows to obtain the gangino amplitnde in terms of the gange boson amplitnde 
( [4.4j) with w replaced by its snpersymmetry variation 6^w given in (p.34|) . In this way 
we can immediately get (|5.2|) , and with a similar relation also (|5.3|) can be retrieved. 

The space-time prohle of the emitted gangino is then obtained by taking the 
Fonrier transform of the snm of the amplitndes (|5.2|) and (^.3|) mnltiplied by the free 
fermion propagator = ip^iayY'^/p^, that is 






AP-x 


pz 


= -2i (T 


'I\V 




Pv 




0a [x-XqY 

(x - Xo^ 


(5.7) 


Jnst as the gange field ( |4.1U|) , also the gangino natnrally arises in terms of un¬ 
constrained parameters which become the instanton modnli when they are restricted 
to satisfy the ADHM constraints (p.30|) and (|3.31|) . In particnlar, once the fermionic 

®The latter are (—1/2), 0 and (—1) for V/j and W respectively, and (—1/2) for the super¬ 
charges. 
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constraint ( 3.31 ) is imposed, it is immediate to extract from (^) the following 
matrix-valned gangino profile 


(A“-*(i))“ = - i (T')“ = (a,r^ ■ 


(5.8) 


In this expression we recognize exactly the leading term in the large distance ex¬ 
pansion of the gangino instanton solntion in the singnlar gange (see for example 
appendix P) 




$u 




{x - Xo)" 


(x — Xo)^ (x — Xo)^ + 


1 3 


(5.9) 


The snbleading terms can be obtained from diagrams with more sonrces, in complete 
analogy with what we did for the gange held. 

Let ns now tnrn to the scalar components of the A/" = 4 vector mnltiplet. 
The simplest diagram which can describe their emission is a mixed disk with two 
fermionic bonndary changing operators, like the one represented in Fig. ^ The 


P 



Figure 6: The mixed disk describing the emission of an adjoint scalar of momentum p 
represented by the outgoing dashed line. 

corresponding amplitnde in momentnm space is 




(5.10) 


where V{p,p) is the mixed disk created by the insertion of and V^. Dehning 




2V2 


(S 


a\AB 


we can rewrite (|5.1CI|) as 




(5.11) 


(5.12) 
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where the square brackets mean antisymmetrization with weight one. Alternatively, 
this result can be obtained from the Ward identity 


^q,Vn 


%.(-p)U + U ?9 .Va. (-P) U + uv„ (-P) 




= 0 


(6.13) 


which establishes a relation between the scalar and the gaugino amplitudes ®. Indeed, 
working out the commutators, we hnd 


Vj, j-p) V^j - iQ (E-)"-' V^j + {VpV-^,J-p) = 0 , 

(5.14) 

from which (|5.12|) easily follows upon using (|5.2|) , (|5.3|) and ( p.34D . 

The space-time profile of the adjoint scalars is obtained by taking the Fourier 
transform of the amplitude ( b.l2|) multiplied by the massless scalar propagator 1/p^, 
namely 

d^p 




i27ry 






= _ — (T^Y ^ _ 

v/2^ ^'^{x-xoy 


(5.15) 


When the parameters are restricted to satisfy the ADHM constraints, this expression 
represents the leading term of the adjoint scalars in the singular gauge. Moreover, 
from (EH) one can see that 

1 


with 


ABJ 


(A ^ P''”’ A 


{x - Xo)2 

(5.16) 


linil = 


0rA9_9 


(5.17) 


dAf-2]x[Af-2] 0[7V-2 ]x[2] 

0[2]x[Af-2] 1[2]x[2] 

which is indeed the leading term at large distance of the exact instanton solution (see 
for example appendix P). As before, the subleading terms are given by diagrams 
with more insertions of source terms. 

We can summarize our hndings by saying that the mixed disks with two boundary 
changing operators represented in Figs. i I and P describe, respectively, the large 
distance behavior in the instanton background of the vector A^, of the gaugino A^^ 
and of the scalars in the singular gauge, and that their space-time prohles can 
be written as 


®In eq. 
picture. 


= Jl^d''G{x - xq ) , 

{d'^f^d^G{x-xo) , (5.18) 

= J^^’^G{x-xo) , 


(5.13) all vertex operators, as well as the supersymmetry charges, are in the (—1/2) 
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where the scalar Green function G{x — xq) is defined in (^) and the various source 
terms and are bilinear expressions in the instanton moduli which 

can be read from ( |4.4| ), ( b.2|) , (|5.3|) and ( |5.1(]| ) respectively. Moreover, taking into 
account the fall-off at infinity of the various fields, one can easily realize that the 
equations of motion that follow from the SYM action (|3.11| ) in the Lorentz gauge 
reduce at large distances simply to free equations i.e. 


□^, = 0 


^ Q 


^abj 


= 0 


-w , DV? 

which indeed admit a solution of the form (|5.18|) in the presence of source terms. 


(5.19) 


5.2 Broken supersymmetries 

Let us now consider the supersymmetries of the D3 branes which are broken by the 
D-instantons, namely those that are generated by the charges = (^QaA + QaA 


(see section |2.1| ). As shown in (|2.9| ), when one pulls the integration contour of a 
charge operator to a boundary that does not preserve it, one obtains the integrated 
emission vertex for the Goldstone field corresponding to the broken charge. In our 
case, the goldstino associated to the breaking of by the D(—1) boundary is the 
modulus Therefore, by acting with the broken supercharges q'^j^ on a given 

instanton solution, one can modify it by shifting its supermoduli with M' dependent 
terms. In particular, one can relate the “minimal” emission diagrams of Figs. IJ and 
P, that contain no D(—1)/D(—1) moduli, to diagrams which instead have additional 
insertions of M' moduli |^. Thus, the use of the broken supersymmetries allows us 
to determine the M' dependence and complete the full superinstanton solution. 

Let us see how this works in a specific example and consider the following Ward 
identity 


M'q’ , W)] Vy. J-p) K,) (l4 [M'q ', Vai J-p)] K,) 


(5.20) 


+ (-P) 


MV, 14 


V^Vm(-p)V^ Vm' 


Differently from the identities (^.4|) and (|5.13|) associated to the preserved supersym¬ 
metries, the right hand side of (|5.2CI|) is non-zero as a consequence of the fact that 
the supercharge q' is broken on the D(—1) boundary. A pictorial representation of 
this Ward identity is provided in Fig. 0. Using the fact that the commutators of q' 
with 14 and 14 vanish (as we already noticed at the end of section |^), and that 


we can 


mwAaA-p)] =iAr'"'"K)/v^,(-p) , 


deduce from (|5.2U|) the following relation 


(5.21) 


- ((Va,A-p)= (( 14 Va,.(-p)K„ IVa,. 




(5.22) 


30 


























w 


w 


w 





Figure 7: The Ward identity for the broken supersymmetries. The internal oriented line 
represents the integration contour for the supercurrent M'{j +J). The diagram in the left 


hand side corresponds to the term ^14) M'q ', 14^ in ( |5.20D . The two diagrams in 

the right hand side are obtained by deforming the integration contour. The first of them 
corresponds to — 


MV,t4 


is due to the clockwise orientation of the contours), whereas the last diagram corresponds 
to the right hand side of (5.20). 


M'q ', 14 ^ (where the minus sign 


which reduces the calculation of the 4-point amplitude ^ {p] w, w, M') to an al¬ 
gebraic manipulation on the 3-point amplitude ( |4.1|) . Notice again that, despite the 
presence of many vertex operators, the amplitude (|5.22|) is actually a 1-point function 
from the point of view of the four-dimensional gauge theory, since the only dynamical 
field is the emitted gaugino. To obtain its corresponding space-time profile we mul¬ 
tiply A^^’\p-,w,w,M') by the propagator and take the Fourier transform, 

getting 


A' 


aA , I, 


X] = 


A. {p-,w,w,M) 


^ip-x 


(27r)2 P 


pz 


= ( 




d^P PyA^(p] w, w) 


{2ny 


^ip-x 


pZ 

x—>oo 1 


(5.23) 






In the last step we have used the fact that in the instanton solution (|4.4| ) the vector 
field is in the Lorenz gauge and that, due to the fall-off at infinity of the potential, 
the associated non-abelian field strength simply reduces to in the 

large distance limit. Eq. ( ^.23| ) shows that a mixed disk with one M' insertion and 
one emitted gaugino reproduces exactly the chiral fermionic profile that is created 
by acting with a broken supercharge on the instanton background according to the 
r^-supersymmetry transformation rules (|2.2CI|) . Of course, with a repeated use of these 
supercharges, further insertions of M' can be obtained and the entire structure of 
the superinstanton zero-modes can be reconstructed (see for example eq. (4.60) in 


the recent review p^). Our analysis, which for simplicity we have illustrated only 
in the simplest case, shows the precise relation between these zero-modes and the 
mixed disk amplitudes with insertions of M' vertex operators. Finally, we recall that 
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with the replacement 


^ ^ 524 ) 

one can account for the superconformal zero-modes of the A/” = 4 instanton solution 


parametrized by the fermionic variables C- 


6. String amplitudes and instanton calculus 

In this section we want to explain what is the stringy procedure to compute in¬ 
stanton corrections to scattering amplitudes in gauge theories and show its relation 
with the standard instanton calculus of held theory. The key ingredient will be the 
identihcation of the instanton solution with the string theory 1-point function on 
mixed disks that we have proven in the previous sections. Exploiting this fact, we 
will also be able to relate our approach to the analysis of the leading D-instantons 
effects on scattering amplitudes that has been presented in Ref. |]^. Let us hrst 
recall a few basic facts on the relation between string theory correlators, effective 
actions and Green functions in held theory. As we have reviewed in section the 
tree-level scattering amplitude among n states of the 3/3 strings (which we denote 
generically by 0j) is given by 




= (^01 (Pl) • • = 0n(Pn) ■ ■ -(/dPl) ■ • • V0„(Pn)| (6.1) 

where the correlator among the vertex operators is computed on a disk with D3 
boundary conditions (see for example eq. (|3.1| )). By taking the limit a' ^ 0 and 
extracting the IPI part, we obtain the following contribution to the ehective action 

<l‘Pi i*Pn , . //„ A\ ‘f’ (5,2) 


IPI 


(6.3) 


J (27r)2 " ' (2!r)2 ■ ■ Ai(Pi) 

which, in turn, induces the following amputated Green function 

MPi) ■ ■ ■ 0n(Pn)) = (V0i(-Pl) . . . 

If one computes the above correlators on world-sheets with more boundaries one 
obtains the perturbative loop corrections to the ehective action and Green functions. 

We now want to investigate how the previous relations get modihed by the pres¬ 
ence of k D-instantons. In this case, as we have thoroughly explained, the correlators 
of vertex operators receive contributions also from world-sheets with a part of their 
boundary on the D-instantons, and specihcally, at the lowest order in the string per¬ 
turbation theory, from mixed disks. It is convenient to denote by V(A4) the sum of 
all disks with all possible insertions of the moduli M of the k instantons, as repre- 
sented in Fig. Each term in th is sum corresponds to an amplitude with no vertex 
Suitable symmetry factors must be included when not all field (pi are different. 

^^For simplicity, we assume that the propagators are {(pi{p)(pj{k)) = (27r)^(5"‘(p -|- k) if this 
does not happen, like for instance for the gauginos, appropriate changes are required, but these can 
be straightforwardly implemented in our formulas. 












Figure 8: Pictorial representation of the “disk” 'D(Ai). For example, the second disk in 
the r.h.s. corresponds to the amplitude A(^wxp) (see eq. (|3.22|) ) which in the field theory 
limit gives rise to the term tr of the moduli action. 


operator of the 3/3 strings, and thus it represents a vacuum contribution from the 
point of view of the theory on the D3 branes. A noteworthy point is that also the 
hrst term in V{Ai), i.e. the pure D( —1) disk without insertions, contributes. Indeed, 
as shown in Ref. , it evaluates to minus k times the topological normalization Cq 
given in ( p.8|) . Collecting all terms and using the results of section we obtain that 
the vacuum contribution of the “disk” V{Ai) is such that 


/■D{M) 


R[>1] = 


9ym 


S, 


moduli 


(6.4) 


where the moduli action is dehned in (|3.29|) . 

Let us now consider the correlators of 3/3 string vertex operators on V{A4), 
which are dehned by 


(6.5) 

= dv^’ (r*i(«i;pi)...v.*„(^„;p„)KM,(!/,)...vv,„(i/„)^ . 

As is obvious from this dehnition, the string theory correlator depends on the k- 
instanton moduli Al, over which one has to integrate in order to account for all 
possible conhgurations. This fact is intuitively clear, since in our description all 
possible mixed boundary conditions are obtained by inserting the moduli. 

The integration over M. is the analogue of what one typically does in quantum 
held theory, where the path integral describing a specihc correlator is split into the 
sum of path integrals restricted to the diherent topological sectors, namely 

jvct) 01 (pi)... e-^M = ^ Hpi) • • • H'nKPn) (6.6) 

where 50^*^^ denotes the huctuation of 0 around a classical background with topolog¬ 
ical charge k and action Sk- In this framework, the integration over all moduli of the 
non-trivial background arises directly from the path-integral, as a trade-oh for the 
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integration over the zero-mode flnctnations. However, from string theory we obtain 
a first-qnantized description in which the string world-sheet gives rise for a' —> 0 
to the world-lines of a (snper)particle description of the Feynman diagrams of the 
field theory. In this description, the different topological sectors can be described 



Figure 9: Mixed disk string diagrams correspond in the field-theory limit to interactions 
of the first-quantized world-lines with the instantonic background. 


only by explicitly conpling the (snper)particle to a non-trivial backgronnd field 
throngh the insertion of 


TrPexp|^y dr j (6.7) 

and then integrating over the backgronnd parameters A4. This procedure is pictori- 
ally illustrated in Fig. ^for a specihc disk amplitude. 

The integration over the moduli A4 has several important consequences. First 
of all, also world-sheets with disconnected components must be taken into account. 
For example, besides the correlator (|6.5|), one should also consider the following one 


((v*.(pi)...V^,(p„)))^^^^({l))j,„„, , (6.8) 

which is disconnected from the two-dimensional point of view but connected from 
the point of view of the four-dimensional theory on the D3 branes. Obviously, we 
can add more disconnected components, and thus in general we have 


1 

V. 



(6.9) 


where the symmetry factor is due to the combinatorics of boundaries . Summing 
over all these terms, we therefore get 




( 6 . 10 ) 
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However, this is not yet the full story. In fact, for the same arguments we should 
also take into account diagrams in which the n vertex opertors V<^.(pi) are distributed 
among various disconnected components. For example, besides the correlator ( |6.10| ) 
we should also consider the following one 


This contribution appears to be totally disconnected; however, it is connected with 
respect to the 0’s because of the integration over the moduli M. which all sit at the 
same point where the stack of k D-instantons is located. Distributing the 0’s in all 
possible ways, one generates various configurations which are compactly represented 

in Fig. ITD. 




(1) 


4 ^) 




4 ^) 



Figure 10: A connected amplitude with n external V,/, vertex operators in a D-instanton 
background receives contributions from topologically disconnected world-sheets, character¬ 
ized by the insertion of li vertex operators for 0 fields in each connected component, with 
Ei h = n. 


Since each expectation value on 'D(A4) is proportional to Cq oc g~^ (see eqs. 
( |6.5|) and (|3.8|) ), the dominant contribution for small is the one in which a single 
vertex is inserted in each disk ||Tl| , p!8[| , namely 

whereas other terms, like for example (|6.11|) , are subleading for small gs Moreover, 
this correlator is clearly IPI. Thus, we can conclude that in the field theory limit, 
the dominant contribution to the amputated Green function of n helds of the 3/3 
string sector in the presence of k D-instanton is given by (see Fig. 0) 

D—inst. 

(6.13) 


amput. 


01 (Pl) • 

dM 


V{M) 




{-Pn))} e' 

'V{M) 


i-DiM) 


a '^0 


^^Notice that world-sheets with higher Euler number can also give contributions to the sub-leading 
orders. 
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Figure 11: The dominant contribution to an amplitude with n external V^j, vertex opera¬ 
tors in a D-instanton background is a product of tadpoles. 


Reinstating the propagators (see footnote 0 ) and Fonrier transforming, we obtain 
the following Green fnnction in conhgnration space 


01 (Xi) . ..(t)n{Xr. 


D—inst. 


= dM M) ■ ■ • M) e-^[-^l (6.14) 


where we have nsed ( |6.4|) and defined 












V{M) 


(6.15) 


Using the resnlts of sections H and ^ we can identify the right hand side of ( |6.15|) 
with the classical prohle 0‘^*(x;Al) of the snperinstanton solntion for the held 0. 
For example, the contributions from the simplest mixed disks, he. those with only 
two insertions of bonndary changing operators, acconnt for the leading terms in the 
large distance expansion of the snperinstanton solntion, as we have seen explicitly 
for fc = 1 in eqs. (O), (p.7|) and ( 5.15|) . The contribntions from mixed disks with 
more bonndary changing operators in the limit a' —0 acconnt instead for the snb- 
leading terms in the large distance expansion, as we have shown for the gange held 
in section H (see also appendix |^. Thns, we can write 


0(x;M)'^‘"’^ = 0"‘(x;M) 


(6.16) 


and conclnde that the stringy prescription (|6.14|) of compnting correlation fnnctions 
in the presence of D-instantons is exactly eqnivalent to the standard held theory 
prescription of the instanton calcnlns 


0l(Xl) 



dM (t)i{xi]M) ■ ■ ■ 0^'(xn;Af)e . (6.17) 


The ehects of D-instantons on the scattering amplitndes of the gange theory on 
the D3 branes can be encoded by introdncing new ehective vertices for the 3/3 helds 
0/s which snitably modify the SYM action (see also Ref. |^). These D-instanton 
indnced vertices originate from the ampntated Green fnnctions (|6.13|) npon inclnding 
the polarization helds for the external legs, and are clearly modnli dependent. At 
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fixed moduli, only the 1-point functions are irreducible and so the gauge effective 
action induced by the D-instantons on the D3 branes will be 


5'(-1)/3 - 


E 


d^p 




V{M) 


(6.18) 


q '^0 


where the sum is over all massless fields of the A/" = 4 vector multiplet. Since the 


tadpoles (( V</,(p) )) are generically of the form (see for instance eqs. 

\\ // V(M) 

and ( b-lOp ) we can write this effective action simply as 


*5(-i)/ 3 = - 0(3^0) ^^(-Ad) 


(6.19) 


which manifestly shows that the 1-point fnnctions on the mixed disks are sonrces 
for the gauge helds at the instanton location. Using the expressions for the varions 
tadpoles compnted in sections ^ and |], it is easy to realize that 


S> 


(-i)/3 = - ^ U(^o) - AUx„) (6,20) 


where the varions sonrces are defined in ( |5.18| ). This expression represents the non- 
abelian extension of the action given for example in Ref. |^, ^ . 


We think that onr analysis clarifies the role played by D-instantons on the scat¬ 
tering amplitudes of four-dimensional gange theories already discussed in the litera- 
tnre. In particular we have shown that the stringy procednre to compnte instanton 
corrections to correlation fnnctions reproduces in the held theory limit the standard 
instanton calculus in virtne of the identihcation (|6.16|) . We hope that these ideas 
and techniqnes can be usefnl also for practical calculations in the A/” = 4 SYM theory 
considered in this paper as well as in gange theories with lower snpersymmetries. 
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A. Notations and conventions 


Notations: We use the following notations for indices: 

• d = 10 vector indices: M,N,... e {1,..., 10}; 

• d = 4 vector indices: /i, z/,... G {1,..., 4}; 

• d = 6 vector indices: a, . G {5,..., 10}; 

• chiral and anti-chiral spinor indices in d = 10: A and A] 

• chiral and anti-chiral spinor indices in d = 4: a and d; 

• spinor indices in d = 6: and a in the fundamental and anti-fundamental of 
SU(4) ~ SO(6). 

Our choice for the group indices is the following: 

• SU(iV) colour indices: /, J,... G {1,..., — 1}; 

• U{k) colour indices: f/, V,... G {1,..., /c^}; 

• D3 indices: u,v,... G {1,..., iV}; 

• D(—1) indices: ^ {1; • • • > ^}; 

• SU(2) adjoint indices: ^ {1, 2, 3}. 


d = 4 Clifford algebra: The Euclidean Lorentz group SO(4) ~ SU(2)+ x SU(2)_ 
is realized on spinors in terms of the matrices and with 




IT 


(A.l) 


where are the ordinary Pauli matrices. They satisfy the Clifford algebra 

= 25^^ 1 , (A.2) 

and correspond to a Weyl representation of the y-matrices, 

(A.3) 


Y = 


0 

d^^ 0 


acting on the spinor 


^l; = 


i’o 


(A.4) 


38 



Out of these matrices, the SO(4) generators are dehned by 


^ flU — 








(A.5) 


the matrices are self-dual and thus generate the SU(2)+ factor; the anti-self-dual 
matrices a^i, generate instead the SU(2)_ factor. Notice that the indices in the 2 of 
SU(2)+ are denoted by a and those for the 2 of SU(2)_ by a. The charge conjugation 
matrix is block-diagonal in this Weyl basis: 


^*(4) = 


cap 0 

0 c. 


Ct0 


.aP 


—e 


aP 


(A.6) 


with = ei 2 = 
follows 


= —^12 = +1- Moreover we raise and lower spinor indices as 


V'" = i^P , '^a = • 


(A.7) 


’t Hooft symbols: The explicit mapping of a self-dual SO(4) tensor into the 
adjoint representation of the SU(2)+ factor is realized by the’t Hooft symbols 
the analogous mapping of an anti-self dual tensor into the adjoint of the SU(2)_ 
subgroup is realized by One has 

• (A.8) 

An explicit representation of the’t Hooft symbols is given by 


Au = Au = ^c^.y^ e {1,2,3}, 

nlv = -vlu = K, 

vA = -vA %u = -Au,, ■ 


(A.9) 


From it one can easily see that 


, (A.IO) 

V/ii/Vpa AaAp T ^pi/pa • 


Analogous formulas hold for the contractions of two r^’s with a minus sign in the e 
term of ( |A.11|) . 


d = 6 Clifford algebra: Taking advantage of the equivalence SO(6) ~ SU(4), 
upon which a positive (negative) chirality spinor corresponds to a fundamental (anti¬ 
fundamental) SU(4) representation, we can represent the SO(6) spinor as 


A = 



(A.12) 
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on which the following gamma matrices act 


_ 




(A.13) 


The matrices and realize the six-dimensional Clifford algebra 

+ = 2 > (A.14) 

(with AB = An explicit realization can be given in terms of’t Hooft 

symbols 


= (773^ ir]^, rf^ irf, i?7^) , = {-rf, irf, -rf, irf, -17^ 177^) 

The charge conjugation matrix is off-diagonal in this chiral basis: 


C^( 6 ) = 


B 


r^A 
^ B 


-iS/ 




(A.15) 


(A.16) 


d = 10 Clifford algebra: The ten-dimensional 7 -matrices and the charge 
conjugation matrix C(io) are expressed in terms of the four- and six-dimensional 
matrices as 


such that 


^(io)~7^®r'^ , C(io) = C(4) ® C(6) , (A.17) 

c^(io)rjfo)^^pj) = -rffof . (a.18) 


Spin field correlators: From the general formulae of [^], by decomposing the 
ten-dimensional fields into four-dimensional and six-dimensional ones, we can derive 
the following “effective” OPE’s: 


. S''(z)Sb[w) 


S^{z) S\w) 


-a/3 


(z-wy/^ 

^a/3 

(^-W)V 2 


Sa{z)S0{w) 


^/2 {z — wy/"^ 

l{an%S^{w) 
rr(z) s‘(w) --- 

2 [z — w) 


ih 


A 

B 


(z — 


(A.19) 


S^(z) S^(w) ~ ^ 


i (Ey^^ya(w) 
a /2 (z - vjy/"^ 


A c . ^ 1 (SyABS^(w) 

y (z) Sa(w) ~ ^ ’ 

,a7 AoA7 A 1 (^T^Sb(w) 

y {z) s (w)^ ^ 


y^yyz) s^{w) 


2 {z — w) 
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Other OPE’s which do not appear in (|A.19 ) can be simply obtained by a suitable 
change of the chiralities. From these OPE’s we can derive the following 3-point 
functions which have been used in the main text 


S^izs)) = ^ - Z 2 ) {Z 2 - Z 3 ) , (A.20) 

(S'"(^i) i)^i)^{z 2 ) s^{z^)) = ~ {a^uT^{zi - {zi - Z 2 )~^ (Z 2 - 2:3)“^ , 

(S^(z^) r{z2) S^{z,)) = ^ {z, - Z2YI^ (zi - - ^ 3 )-'/^ , 

{SaY r{z 2 ) Sb{z,)) = - ^ Y)aB {z, - Z2Y'^ (zi - zY^'" {Z 2 - Z^^'^ • 


Twist field correlators: The (—1)/3 and the 3/(—1) strings have four Neumann- 
Dirichlet directions, namely those along the world-volume of the D3 branes. Thus, 
the string helds have twisted boundary conditions; this fact can be seen as due to 
the presence of twist and anti-twist helds A(z) and A(z) that change the boundary 
conditions from Neumann to Dirichlet and vice-versa by introducing a cut in the 
world-sheet (see for example Ref. |^). The twist helds A( 2 :) and A( 2 :) are bosonic 
operators with conformal dimension 1/4 and their OPE’s are 

A(2;i) KY) ~ (^1 - Z2f^‘^ , A(zi) XY) - {zi- Z2y^^ , (A. 21 ) 

where the minus sign in the second correlator is again an “ehective” rule to correctly 
account for the space-time statistics in correlation functions. 

B. A short review of the ADHM construction and of zero 
modes around an instanton background 

Following the notation of Refs, we begin by introducing the basic objects in 

the ADHM construction of the SU {N) instanton solution in four dimensions, namely 
the [N + 2k] x [2k] and [2k] x [A^ -|- 2k] matrices 

A(x) = a + bx , A{x) = a + xb (B.l) 

where x^p = x^ (c’‘^)a /3 and 5:“^ = x^ describe the position of the multi- 

instanton center of mass, and all the remaining moduli are collected in the matrix 
a (see formula ([B.3|) below). Finally, 6 is a [A -|- 2k] x [2fc] matrix which can be 
conveniently chosen to be 

^={-t 1 ^ = (0 , l[2fc]x[2fc]) • (B.2) 

V J-[2A:]x[2fc] / 
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The moduli space of the solutions to the self-dual equations of motion is characterized 
in terms of the supercoordinates 


a = 


w. 


0.(3 li 


A _ / h- 


= 


,Aui 


M- 


,!3A 


which satisfy the bosonic and fermionic ADHM constraints 


/fcxfc^[2]x[2] ) 

AM^ = M^A 


(B.3) 


(B.4) 

(B.5) 


with fkxk an invertible k x k matrix. 

The solutions to the self-dual equations of motion for the various helds in the 
Af = 4 vector multiplet are given by 


A^ = Ud,U , 

= U {M^fb-bfM^) U , 




2 V 2 


U [M^f - M^f \ U 


B 


-if/- 


0[V]X[V] 

0[2fc]x[7V] 


0[V]x[2A;] 


[A:]x[fc] ® 1[2 ]x[2] 


■ u 


(B.6) 


in terms of the kernels U[N+ 2 k]x[N] and t/[v]x[v+ 2 fc] of the ADHM matrices A and A. 
In ([B.6|) , the hatted gauge fields are taken to be anti-hermitian, A^'® is the fermionic 
bilinear ^ 

(B.7) 


A^^ = 


2 V 2 

and the operator L is defined as 




L-Q = -{W(n} + [a,,[aAm , 


(B.8) 


with = w^^'wAj- 

For simplicity, from now on we concentrate on solutions with winding number 
k = 1, which for SU(A^) can be found starting from those for SU(2). For k = 1 the 
ADHM constraints drastically simplify; indeed, the bosonic constraint (|B.4|) simply 
reduces to 

(B.9) 


2 xa 


wAwC = pA' 


0 


(see eq. (|0|)), which is solved by 


\W: = mu 


= pT 


0[Ar-2]x[2] 

l[2|x|2] 


(B.IO) 


where T G SU(A^)/SU(A^ — 2). This is just the standard SU(2) instanton solution 
embedded inside the SU(A^) in the lower right corner. The matrices T describe the 








orientation of the SU(2) instanton inside SU(iV) with SU(A^ — 2) being the stability 
group of the SU(2) instanton solution. If we temporarily set T = 1, the vector held, 
which solves the equations of motion in the singular gauge, can be written as 


= 








X 


(B.ll) 




0[V-2]x[2] 

(a,, '' ^ 


(B.12) 


where 

0[Ar-2]x[Af-2] 

0[2]x[Af-2] 

and the center of the instanton has been set at Xq = 0 for simplicity. If we remove the 
T = 1 constraint and shift the instanton center, we hnd the general SU(A^) solution 
= T A^T~^ which is given in ([4.14|) . As we have also found in the main text, an 
explicit representation of our embedding is given by the matrices in (|4.9|) where the 
tc^“’s are chosen according to ( |B.10|) . 

We now turn to the fermionic the zero modes. Their number is 2kNAf and 
obviously depends on the number of supersymmetries. For compatibility with the 
rest of the paper we will discuss the A/” = 4 case. The Af = 2 and Af = 1 cases can 
easily be deduced from our discussion by restricting the range of the capital latin 
indices in the following to A, B = 1,2 and A,B = 1 respectively. It is well-known 
that in the SU(2) case the fermionic zero modes are in the adjoint representation 
and that their explicit form can be found by acting with the supersymmetry charges 
of the superconformal algebra on the instanton solution, leading to 


These solutions can be singled out also for arbitrary winding numbers fc, since they 
correspond to solutions of the constraint ( |B.5|) in which the fermionic matrix is 
taken to be proportional to the matrices a, b introduced in (|B.1| ), namely 

= 0 = , (B.14) 


and 

. M'y, = -C/ (?")“'’ay, , (B.15) 

for the supersymmetric and superconformal zero-modes respectively. 

Besides the zero-modes (|B.13|) , in the SU(A^) case we have other AAf{N — 2) 
fermionic zero-modes, which are the partners of the color rotations parametrized by 
They transform in the fundamental representation of the embedded SU(2) and 
correspond to the 2{N—2) doublets in the decomposition of the adjoint representation 
of SU(A^) with respect to SU(2). For example, for SU(3) we have 8 = 3©2©2©1. 
Since there are no solutions to the Dirac equation which are SU(2) singlets, and since 










we already know the form (|B.13|) of the solution in the adjoint representation, we 
simply have to recall the form of the SU(2) solutions in the fundamental. They are 


t/’os 




y' {x^ + p2)3 


(B.16) 


where s = 1,2 is an index which runs in the fundamental. The solutions for 2 are 
obtained from those in ( |fj.lfi| ) by raising the indices a and s. Let us now turn to 
the SU(iV) case and introduce the gauge invariant quantity . By 

dehnition, the inhnitesimal gauge rotations which leave this quantity invariant are 
those which satisfy 

= Q . (B.17) 

Using for 5w and 5w the transformations (|2.35|) , from (P3.17|) we get 




ui ^0 


uj 


+i 


f3A ^ ui 


Auj _ g 


from which we infer 


fi- 


ui ^ 0 


UJ 


= 0 


uif^ 


Auj _ g 


(B,18) 


(B,19) 


For k = 1, given the choice Eq. ([B.9| ), this implies = {jif ,..., p ;^_25 0, 0). Starting 
from ( B.16 ) we can now deduce the SU(A^) formulae by replacing the index s in the 
fundamental of SU(2) with an index v in the fundamental of SU(A^), and adding 
another index u to label the N — 2 different solutions. For convenience the range 
of u will be extended to N. For consistency with our previous notation, we also 
substitute e with /r. Putting together doublets and anti-doublets, we hnally hud 


(A- 


aA\u 


p 


reg. 


(h 


Au rd 


0 „ + e p. 


(B.20) 


where = (0,..., 0, is a natural extension of the Levi-Civita symbol to our 
case. To go to the singular gauge we perform a SU(A) gauge transformation extend¬ 
ing the standard SU(2) one, i.e. g = to g' = (0,..., 0, a;^cr^)/\/aF, and 

get 

where x\ = (0 ,..., 0, 

At last we discuss the inhomogeneous solutions of the equations of motion for 
the adjoint scalars . These equations follow from the SYM action ( p.llj) and 
are 


2 r^AB 




A/} +--- = 0 , 


(B.22) 


i4'\yg recall that the fields appearing in the SYM action ( 3.11 ) are hermitian, while the hatted 
fields we are now considering are anti-hermitian; the precise relation between the two is given by 
= —i and similarly for the other components of the supermultiplet. 























where the ellipses stand for terms that contain or are trilinear in the scalar helds, 
which are not relevant for onr present analysis. A first part of the solntion of (P3.22|) 
is obtained by nsing for the snpersymmetric zero-modes (|B.13|). This leads to 


-I- 


(B.23) 


In the SU(A^) case there is an additional contribntion to (p.23|) coming from the zero 
modes (p.21|) . For k = 1 and T = 1, it is easy to see that 

{A--^ , A/}“„ = (B' 24 ) 


where S\ is defined in (|5.17|) . Substitnting the tentative solntion 




(B.25) 


in ( p.22|) and solving the resulting differential equation for f{x,p), one obtains 

1 


fix,p) = 


2V2ix^ + p2) 


(B.26) 


C. Subleading order of the instanton profile in the a' ^ 0 limit 


In section TT we mentioned that the subleading terms in the large distance expansion 
of the instanton solution are naturally associated to mixed disks with more insertions 
of boundary changing operators (see Fig. and that in the limit a' —> 0 they reduce 
to simple tree-level held theory diagrams, in complete analogy with the gravitational 
brane solutions as discussed in Ref. [^. As an example, in this appendix we explicitly 
compute the second order contribution to the gauge held, which is represented by 
the diagram in Fig. For simplicity we just consider the SU(2) case. The necessary 
ingredients to compute this diagram are: 

• the ordinary 3-gluon vertex of YM theory 

Vpl{p,il,k)=ie«‘’[(g-k),Kx + {p-g)xi,. + (k-p),^ (C.l) 

where all momenta are incoming, and 

• the source subdiagram representing the leading order expression of the gauge 


held in momentum space given in namely 



















The amplitude in Fig. is then obtained by sewing two hrst-order diagrams to a 
3-gluon vertex and reversing the sign of the momentum of the free gluon line to 
describe an outgoing held. Taking into account a simmetry factor of 1/2, we have 


Kip^.pf^ = 7 ; 




1 


^ Mt, p) (p _ g )2 




_ 4 cde -e „-ip-xo 


dS 


q^{p-qY X 


X 


j (27r)2 q^{p — qY 

{p-2q)^5yx + {q + p)\d^u + {q-2p)^5xf. 


(C.3) 


where the momentum integral can be computed in dimensional regularization. To 
obtain the space-time prohle, we take the Fourier transform of multiplied 

by 1/p^, and after some standard manipulations we hnd 


= lim 

^ d^4 


d^p 

(27r)^/2 






{x - XqY 
{x - 0 : 0 )® 


(C.4) 


which is exactly the second order term in eq. (|4.12|) . The higher order terms in the 
large distance expansion can in principle be computed in a similar manner and thus 
the full instanton solution can eventually be reconstructed. 
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